A compact, low-cost, pre-aligned apparatus of the modulation type is described. The apparatus allows accurate determination of the speed of light in free propagation with an accuracy on the order of one part in 10 4 . Due to the 433.92 MHz radio frequency (rf) modulation of its laser diode, determination of the speed of light is possible within a sub-meter measuring base and in small volumes (some cm 3 ) of transparent solids or liquids. No oscilloscope is necessary, while the required function generators, power supplies, and optical components are incorporated into the design of the apparatus and its receiver can slide along the optical bench while maintaining alignment with the laser beam. Measurement of the velocity factor of coaxial cables is also easily performed. The apparatus detects the phase difference between the rf modulation of the laser diode by further modulating the rf signal with an audio frequency signal; the phase difference between these signals is then observed as the loudness of the audio signal. In this way, the positions at which the minima of the audio signal are found determine where the rf signals are completely out of phase. This phase detection method yields a much increased sensitivity with respect to the display of coincidence of two signals of questionable arrival time and somewhat distorted shape on an oscilloscope. The displaying technique is also particularly suitable for large audiences as well as in unattended exhibits in museums and science centers. In addition, the apparatus can be set up in less than one minute.
I. INTRODUCTION
The speed of light c is perhaps the most important fundamental constant in physics. Since October 21, 1983 , it is a primary standard of measurement, on which the new definition of the meter depends. The extraordinary high value of c makes its determination in instructional laboratories an attractive challenge.
Judging from the large number of papers that have been published in this journal, the methods for the determination of c in free propagation are of great interest. These different approaches can be classified into four categories: modulation methods; [1] [2] [3] [4] pulse methods for the measure of time of flight, [5] [6] [7] [8] [9] [10] [11] with the special category of pulse methods that use the structure of longitudinal modes of laser cavities; [12] [13] [14] new versions of classical methods such as Foucault's rotating mirror; 15, 16 and finally methods that rely on interference effects or electrical pulses. This last category includes, for instance, the propagation time of electrical pulses in coaxial cables, 17, 18 the interference of microwaves, 19 electromagnetic waves generated by a microwave oven by measuring the length of the modes in the cavity or extracting some energy and using Lecher lines, 20 the reflection of TV radio waves by distant obstacles, [21] [22] [23] and even the time of propagation of Ethernet packets in a cable connecting two computers. 24 In modulation methods, the intensity of the light source is sinusoidally modulated and the phase of the signal received at a certain distance is compared to that of the modulating signal. In all the published papers noted above, this comparison is performed by displaying the signals on the screen of an oscilloscope. Owing to inevitable distortion in the processes of modulation, detection, and amplification, this comparison is significantly affected by uncertainty, even when using Lissajous figures.
The innovative idea at the heart of our design is this: a light signal is modulated at a radio frequency (rf) and delayed with respect to a reference signal at the same frequency. The delay, due to a certain distance traveled by the light, creates a phase shift between the modulated light signal and the reference signal. Instead of displaying this phase shift on an oscilloscope, the two signals are further modulated using an audio frequency signal. When the two (twice modulated) signals are recombined, their phase difference is "displayed" as the loudness of an audio signal. The experimenter can find the points at which the signals are completely out of phase by varying the delay of the light signal to minimize the loudness of the audio signal. Finding two adjacent minima yields a measurement of the half wavelength of the rf modulation signal. Since one knows the frequency, one can compute the speed of light.
In this instrument, the source is a collimated red laser diode. The modulation frequency of 433.92 MHz is, to our knowledge, by far the highest among those that appear in the literature and in commercial apparatuses. As a consequence, the measuring base is reduced to only c/2f $ 0.35 m-the shortest among those reported-and from that derives the compactness of the whole apparatus. The optical bench is only 1.5 m long, so it may lie on a normal table and is easily transportable. The very high modulation frequency also allows insertion of transparent objects of small thickness into the laser beam for the determination of their refraction index. This technique is so sensitive that the slowing of light through the thickness of a microscope slide can be detected!
The apparatus, as shown in Fig. 1 , is composed of a transmitting unit, positioned at one end of the optical rail; a receiving unit that slides along the rail; and a control, display, and power supply module that is connected to the transmitter and receiver. Given the limited length of the measuring base, the sliding receiver remains aligned with the laser beam, eliminating any need for preliminary alignment. The apparatus as shown in Fig. 1 is complete and autonomous. Other components, such as an oscilloscope, power supply, optical rails, lenses, or mounting holders, are not needed, nor are other expensive components such as photomultipliers, electro-optic modulators, external cavity lasers, and scanning Fabry-Perot interferometers. Set up of the apparatus requires less than a minute, the delicate and timeconsuming installations and alignments usually required by other speed-of-light apparatuses being unnecessary.
II. THE SYSTEM
The mechanisms of modulation, demodulation, and extraction of the audio signal are illustrated in elementary terms as follows. The general structure of a modulation-demodulation system is shown in Fig. 2 . When a laser diode is modulated by variation of its injection current, the resulting optical carrier is mainly amplitude modulated. Let pðtÞ ¼ P cosðx p tÞ be the optical carrier of angular frequency x p % 2p(4 Â 10 14 ) rad/s and mðtÞ ¼ A þ M cosðx m tÞ be the modulating signal of angular frequency x m % 2p(433.92 Â 10 6 ) rad/s. For now, the phase shift of the modulation (relative to the carrier) signal is not indicated for simplicity. The process of modulation of the laser is equivalent to the product of p(t) and m(t)
where we can see that the modulated optical carrier consists of an unmodulated optical component and two optical sideband components, the frequencies of which are shifted from that of the optical carrier by the modulating frequency (i.e., by 6f m ). The ratio (A þ M)/P is the amplitude modulation index, which is expressed in general as a percentage, and for modulation fidelity must be maintained below 100%, as we shall see later.
The photodiode is a square-law detector: its output is an electric signal that is proportional to the intensity of the optical signal it receives, which in turn is proportional to the square of the instantaneous optical amplitude. Squaring Eq.
(1) and neglecting the resulting terms involving x p and 2x p (because the photodiode cannot respond to these THz optical signals), we find the following relation for the photodiode's electrical output:
The first term in this equation is proportional to the maximum amplitude M of the modulating rf signal, has the same frequency, and also carries the phase information. The second term is a small second-harmonic distortion signal, but in our experiment its amplitude will be even smaller than predicted here because of the much lower response of the photodiode at this higher frequency. We conclude that the output of a photodiode that receives an amplitude modulated light signal is an electrical signal proportional to the square of the maximum amplitude of the optical carrier with the frequency and phase of the modulating signal. Another way of expressing this result is the following: the output of a photodiode that receives an optical carrier signal modulated at high frequency is an electrical signal generated by the optical beats between the carrier and its sidebands. We will now consider phase shifts and the phase recovery technique as illustrated in Fig. 2 . First, we define
where V m ¼ AMP 2 /2 and phase information has been now included via the phase constant u m . In Fig. 2 , the output voltage E m of the photodiode of angular frequency x m is sent to a balanced mixer. Let Du m be the phase difference between E m and the reference signal V r , which is sent to the mixer by a cable. Then, Du m is the sum of the initial phase u m and the added phase rotation due to the travel of light from the source to the photodiode. The mixer output is the product of these signals
In our circuit, the signal at twice the rf modulating frequency (2x m ) is eliminated by a low-pass filter. The remaining signal,
is a dc voltage proportional to the cosine of the phase difference between the two signals. This phase difference contains the time delay of the light in its travel through air.
III. DETERMINATION OF THE SPEED OF LIGHT
The rf generator in Fig. 2 is amplitude-modulated by a square wave, so that its rf output signal (and consequently the envelope of the light emitted by the laser) varies from zero to its normal rf amplitude according to this squarewave signal. The square wave has frequency f a in the audio range as indicated in Fig. 3 . Thus, at the output of the system, instead of the dc signal V 0 out of Eq. (5), we will find a signal of frequency f a , whose loudness will be zero when Du m is p/2, 3p/2, etc.
Because this signal can be amplified at will, the sensitivity will be maximum if we use a null method of detection. To exploit this feature, we move the receiver along the rail to the positions for which the audio signal is minimal. These positions are those for which Du m ¼ p=2; 3=2p; … and thus correspond to distances D n from the transmitter that satisfy
where n ¼ 0, 1, 2,…, T m ¼ 1/f m is the period of the rf modulating signal, and s is the propagation time of the light along the distance D n . Between the successive positions of the minima of the audio signal, the phase increases by p. The distance
from which we obtain
In reality, because of amplifier non-linearity, as well as possible overmodulation of the laser, the modulation envelope may not be perfectly sinusoidal. For example, Fig. 4 illustrates the distortion due to laser overmodulation. Because of this non-ideal behavior, there may be a difference in the distances between the positions of successive minima. To compensate for this defect, we look for the distance between every other minima, which corresponds to the propagation delay of a whole period T m of the rf wave, thus modifying Eq. (8) to
with DD ¼ 2DD n . 
IV. DESCRIPTION OF THE APPARATUS
The apparatus is shown in Fig. 1 . The optical bench is made with an anodized aluminum rectangular profile of 2 Â 4 cm 2 cross section and a length of 150 cm. The transmitting unit is positioned at one end while the receiving unit can slide without lateral play, thus keeping its alignment with the laser beam. The control module supplies power to the transmitting and receiving units, detects the phase difference, and amplifies the audio signal. The two feet of the bench can be rotated by 90 for ease in transporting the apparatus. As seen in Fig. 1 , the transmitting and receiving units are supported by a suitable length of the same rectangular cross section as the optical bench. Two rectangular pieces of acrylic are attached to these units to serve as sliding guides; on one side of the optical bench a scale graduated in centimeters and millimeters is attached, while on the corresponding acrylic guide of the receiving unit a thin vertical line is drawn as an index for reading the position of the receiver.
A schematic of the transmitter circuit is shown in Fig.  5(a) . The rf generator and audio modulator is the integrated module U6, 25 whose output power of 1 dBm ¼ 1.3 mW is more than adequate for modulating the laser. The modulator block shown in Fig. 3 as a separate component is actually integrated into U6, a digital data transmission module with a TTL level input control pin.
The modulation index of the light is adjusted to less than 1 by the choice of resistor R ¼ 47 X in Fig. 5(a) . The value of this resistor determines the degree of equality of the various distances DD, as explained above and in Fig. 4 . The frequency of the module is stabilized by a Surface Acoustic Wave (SAW) device and remains stable to about one part in 10 4 after a warm-up time of ten minutes. This frequency can be measured with a frequency counter, which can be inserted by means of a BNC tee on the connector of the transmitting unit. The regulator U5 is wired as a constant current generator of 28 mA for the bias of the laser diode. The circuit U7 generates a square wave of about 700 Hz for the audio modulation of the radio frequency generator.
The laser diode with its collimator is obtained from an inexpensive class-II laser pointer, as shown in Fig. 6 , which emits at approximately 650 nm. This component has been shown to operate reliably for years in our instructional laboratory. The interior of the transmitting unit is shown in Fig.  7 ; both the adjustment screws and the springs for alignment of the laser are visible in this photo. Fig. 8 shows the interior of the receiving unit. A 20 mm-focal-length lens, whose main purpose is to compensate for any small lateral misalignment of the laser beam, acts to focus the light on the sensitive element of the photodiode. The photodiode, however, is positioned slightly away from the focus point of the lens. It is sometime useful to include inside the receiver a short length of 50 X coaxial cable between the photodiode cathode and the BNC output connector and to adjust its length by trial and error until the first minimum is located 1-2 cm from the transmitter. Such an adjustment allows one to take advantage of the entire length of the optical bench when measuring successive minima as the receiver is moved along the bench.
The AEPX65 photodiode, 26 which has a rise time of 1 ns and therefore a À3 dB cutoff frequency of 0.35 GHz, is a good compromise between cost and performance; it works well at the modulation frequency of this apparatus.
The transmitter and receiver units are each connected to the control module with a single 50-X, RG58 cable terminated with a BNC connector. These cables carry the power supply for the transmitter and the bias voltage for the photodiode, and also carry back the rf signals to the control module. It is not necessary for the two cables to have the same length.
The control module circuit is shown in Fig. 9 . Integrated circuit U1 is a balanced mixer that performs the phase comparison by determining the instantaneous product of the input signals. Only the audio signal is present at its output. An audio amplifier U2 and a power audio amplifier U3 follow. The connector marked OUT may be useful for viewing the shape of the detected audio signal on an oscilloscope while adjusting the modulation depth of the laser, or to monitor the signal on an ac voltmeter. All of the inductors are small SMD (Surface Mount Device) 28 RF chokes of 100 nH inductance; they constitute a block for rf signals while allowing the dc components to pass. Figures 10 and 11 show relevant signals in various points of the system: the laser modulation waveform, the photodiode received signal and the detected signal in a zero position of the receiver.
V. EXAMPLE EXPERIMENTS AND RESULTS
The installation of the apparatus consists of simply connecting the two cables from transmitter and receiver to the control box and inserting the plug into the power supply receptacle. After powering on and waiting a few minutes for the instrument to stabilize, the experiments are ready to perform.
A. Determination of c
Starting with the receiver close to the transmitter, a search for a minimum in the audio signal is undertaken (adjustment of the audio level is helpful). The minimum of the audio signal is easily found by making small successive adjustments in the position of the receiver. Successive minima are then found by moving the receiver further away from the transmitter and repeating the fine-adjustment procedure. As mentioned earlier, the positions for every other minima are used for the calculations. Table I shows data for an actual experiment, where the measured frequency of the laser modulation was f m ¼ 434.0094 6 0.0002 MHz. The transmitter is positioned at the zero position of the optical bench, as shown in Fig. 1 , and the error on each position measurement D i of the transmitter is about 0.5 mm. Only one reading was taken for each position.
In the third column of Table I , the difference between the third and first values of the minimum audio positions is reported, as well as the difference between the fourth and the second. These distances are then used to calculate c using Eq. (9), reported in the fourth column of Table I , and are then averaged to obtain our final result of c ¼ (2.997 6 0.003) Â 10 8 m/s.
B. Determination of the refraction index of transparent solids and liquids
The receiver is placed in a position of minimum towards the center of the bench. The solid slab or the cell for liquids Fig. 8 . The interior of the receiver unit. Fig. 9 . Schematics of the control and display module (C ¼ 100 nF and L ¼ 100 nH). If not indicated, capacitance is in microfarads and resistance in ohms. Given the small power consumption, the apparatus can be independently powered by batteries.
is then positioned in the path of the laser beam somewhat close to the receiver, as shown in Fig. 12 . It is not necessary for these objects to be aligned with precision, nor for them to have perfectly flat and parallel faces; the light that arrives at the receiver is usually sufficient due to the internal focusing lens. Because the speed of light decreases while passing through the material, to find the new position of the corresponding minimum it is necessary to reduce the distance from the transmitter by DD. It is easily shown that n ¼ 1 þ DD/L, where L is the geometrical length that light travels within the material. It is advantageous to perform the measurement on two contiguous minimum positions and average the two DD values. The instrument is so sensitive that it is even possible to detect the slowing of light passing through the thickness of a microscope slide. Note that the measured result is independent of the value of the rf modulating frequency. With the cell shown in Fig. 12(a) the dependence of n on the concentration of solutions can be investigated with precision using minimal volumes of liquids.
Index of refraction of acrylic
The index of refraction of acrylic was measured by inserting a 10.7 cm-long rod into the beam. The position of a minimum D 1 was found without the rod, along with the new minimum D 2 when the rod was inserted. This procedure was then repeated using an adjacent minimum (D 3 without rod, D 4 with rod), and the results are listed in Table II . The measured index of refraction (with the red laser) was found to be n ¼ 1.507, while the accepted value (for the yellow sodium line) is n ¼ 1.48-1.50.
Index of refraction of water
The index of refraction of water was measured by using a cell containing a 7.65 cm-long column of water. As before, two adjacent minima and their deviations were measured, with the results presented in Table III . The measured index of refraction (with the red laser) was found to be n ¼ 1.343, while the accepted value (for yellow sodium line) is n ¼ 1.33. As for the measurement with acrylic, no errors have been reported because only a single measurement was carried out, for demonstration purposes only.
C. Determination of the velocity factor of a cable
Starting with the receiver in a position of minimum audio signal, the receiver cable is replaced with another longer cable. To find the same minimum, it is necessary to reduce the distance from the transmitter. The velocity of electric signals in the cable is given by v ¼ cL/DD, where L is the difference in length between the two cables. Therefore, the relative permittivity, or dielectric constant, of the insulating material of the cable is r ¼ (DD/L) 2 , where we have assumed the relative magnetic permeability l r ¼ 1.
The experimental results are shown in Table IV . The original minimum position is denoted D 1 and the new minimum D 2 is determined after replacing the cable with one that is 19.5 m longer (the cable lengths were measured between the connector's ends). As seen in the table, the results show a signal velocity of v ¼ 0.670 c for a normal 50-X cable with a polyethylene insulator, which gives a corresponding relative permittivity of r ¼ 2.22. For comparison, the accepted value of the dielectric constant of polyethylene is ¼ 2.25.
Incidentally, these results show that a normal coaxial cable, such as the one used here, delays signals by about 1 ns for each 50 cm of its length.
VI. ADDITIONAL POSSIBILITIES A. Doppler frequency shift
As we have previously highlighted, the experimental system described here may be seen as a split beam interferometer working with a carrier frequency of 434 Mhz and with one of the signals propagating in free space in one arm while the other propagates along a cable. In this metaphor, the receiver is the moving mirror and the mixer in Fig. 2 acts to recombine the beams. Equation (4) shows that the output voltage of the mixer of Fig. 2 is the product of two sinusoidal signals of the same amplitude and frequency, one of which delayed in phase by Du m . When the phase delay is 0, p, 2p and so on, the two signals have their zeros in coincidence and this corresponds to zero audio signal. If we move the receiver along the optical bench at constant speed, the phase shift varies constantly in time and we hear a succession of maxima and minima of the audio signal. Most important at this point is the following fact. What we hear at the acoustic display is not the V out sinusoidally varying signal of Eq. (5), but a coded version of this signal by its further acoustic modulation, at 700 Hz, performed by the laser transmitting circuit of Fig. 5 . The detection and amplifier circuit (Fig. 9) cannot distinguish between positive and negative half waves-it gives the absolute value of the output voltage of the mixer-and therefore generates audio output between each successive zero (when the cos Du m signal is nonzero), whether positive or negative. The result is that there is a succession of two maxima of the Table II . Measurements for the determination of n for acrylic. Table III . Measurements for the determination of n for water. Table IV . Measurements for the determination of the velocity of a signal through a cable. audio signal for every k displacement of the receiver, or every 2p rotation of the phase difference. It is interesting to note that the audio signal abruptly changes phase by p when the signal crosses zero, although this fact is inaudible. For a modulation frequency of f m % 434 Mhz, the succession of two audio maxima every DD ¼ c/f m ¼ 69 cm corresponds to a single fringe shift in an optical interferometer when one of the mirrors is moved and its optical path has varied by k. Thus, if T is the time it takes to move the receiver through one complete fringe, so that v ¼ DD/T, then the phase shift will vary in time at a frequency 1/T ¼ f m v/c.
However, this result may also be interpreted as a beating phenomenon between signals with two different frequencies, one at the modulation frequency f m , and the other at a Doppler-shifted frequency f D that results from the receiver moving toward the source at speed v. 29 The beat frequency that results from these signals is
where the right hand side is, neglecting the sign, the Doppler frequency shift for a signal source of frequency f m as perceived by a receiver that moves directly toward (or away from) the source with constant velocity v. (Note that, as explained above, the actual beat frequency you hear using the apparatus described here will be twice this frequency.) If we choose a speed v ¼ 1.4 m/s, we find 
This experiment is useful for explaining, for instance, the Doppler corrections performed by a GPS receiver on the time data transmitted by a rapidly moving satellite despite the fact that the speed of the carrier signal is $c and independent of the speed of the satellite.
B. Fizeau experiment on the partial drag of ether
Because of the compactness and sensitivity of this apparatus, it is well suited for reproducing the Fizeau experiment, 27 originally performed in 1851 on the speed of light in flowing water. In this experiment, Fizeau discovered that the velocity addition rule for light does not correspond to the Galilean rule of velocity addition, and the results appeared to support the partial aether drag hypothesis. Owing to the relatively small values of the speed of flowing water, the Doppler shift explains well the displacement of fringes found by Fizeau and in successive experiments with higher accuracy.
The sensitivity of the apparatus described here is so high that one can use a cell that is only about 20 cm long and water flowing at a relatively slow speed. It is easy to see the difference of the speed of light in flowing water and in still water in a manner that is as simple as the above-described determination of the refraction index of a liquid.
VII. CONCLUSIONS
In conclusion, we have presented a new advanced apparatus for the determination of the speed of light in free propagation with unprecedented performance. This apparatus facilitates the measurement of several interesting quantities and the experiments can be carried out in a much simpler manner compared to other apparatuses. The system is compact, autonomous, does not require auxiliary accessories or elements, and is pre-aligned and ready for use in minutes. The apparatus is particularly well suited for use as an exhibit in museums or science centers or as a demonstration from the lecturer's table in conferences or seminars. The working principles of the device can be easily understood by a general audience.
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